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Abstract
We define heterogeneous endogeneity as the case where a potentially endogenous
regressor is endogenous for some sub-groups of the data but exogenous for other
subgroups. We derive an estimator and test procedure based on the control function
approach to deal with the phenomenon. We show that accounting for heterogeneous
endogeneity can greatly increase the power of endogeneity tests and increase the pre-
cision of our estimator over traditional IV. While the gains get larger as the instrument
getsweaker and as the relative size of the non-endogenous subgroup gets larger,wefind
efficiency gains even when the underlying instrument is very strong. We illustrate our
approach with an example using data from Abaide et al. (Econometrica 70:91–117).

Keywords Heterogeneous Endogeneity · Instrumental variables · Heterogeneity ·
Control function

Mathematics Subject Classification 62J05 · 62F12

1 Introduction

Instrumental variables (IV) estimation has been a workhorse method of obtaining
causal estimates in observational data. In this paper, we study refinements for standard
IV methods to achieve a considerable reduction in estimation uncertainty when for
some subgroups in the sample, the endogenous regressor is not correlated with the
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error term and thus no instrument is needed. We call this phenomenon heterogeneous
endogeneity.

The main conclusion of our theoretical and empirical analyses is that when there
exists heterogeneous endogeneity in the population, applying the standard IVmethods
result in inefficient estimation because even valid instruments lose relevant information
on causal relations in such a case. The intuition behind our main result is straightfor-
ward. When the instrument is not very strong, identifying subgroups in the sample
where the endogenous regressor is actually exogenous can greatly reduce the vari-
ance of our estimator relative to traditional IV, as we do not have to lose any relevant
information in the variable that is not perfectly correlated with the instrument. The
less strong the instrument and the larger the size of the exogenous subgroup, the more
benefit there is to accounting for heterogeneous endogeneity when it exists.

In many areas of economics, the notion of heterogeneous endogeneity is quite
plausible. For example, investment rates are frequently thought to be an endogenous
regressor in growth equations. However, in planned as opposed to market economies,
investment could be plausibly exogenous. Similarly,we generally think of labormarket
participation as an endogenous regressor, but for some gender or ethnic groups, labor
supply could also plausibly exogenous. The heterogeneous endogeneity could occur
over time as well as across groups. It is plausible that monetary policy variables were
not endogenous regressors during the gold standard or even during the BrettonWoods
era.

A more specific example of potential heterogeneous endogeneity is the study by
Autor et al. (2013) who show that from 1990 to 2007 the rising Chinese import
competition decreases manufacturing employment and wages in the US. In a more
recent study, Autor et al. (2017) show that specific geographic regions were more
affected by the Chinese import competition because historically those areas had a
relatively larger manufacturing employment shares. Since the composition of labor
force in some states was not much affected because of the Chinese import competition,
we can treat those most unaffected states as an exogenous group. Another example of
potential heterogenous endogeneity can be in the study by Hashimoto (1987) in which
the author estimates the impact of federal minimum wage on the local crime rate of
youth.1 Since federal minimumwage is not a binding constraint for some states which
had a higher state minimum wage than the new federal minimum wage, we can also
treat those states who are least affected because of a change in federal minimum wage
as an exogenous group.

We propose a new estimation approach for heterogeneous endogeneity based a
control function approach, popularized by Smith and Blundell (1986) and Rivers and
Vuong (1988). In Monte Carlo simulations we conduct, the proposed control function
estimator often produces efficiency gains of 50% and above compared to a traditional
IV method. We also show that accounting for heterogeneous endogeneity, when it is
present, can greatly increase the power of standard endogeneity tests. The weaker is
the instrument and the larger is the exogenous subgroups, the more likely a standard

1 One can argue that the federal minimum wage is an endogenous regressor because it is most likely
correlated with some states’ unobserved labor market conditions especially for those states which have
relatively larger shares on the national income.

123



Heterogeneous endogeneity

test accounting for heterogeneous endogeneity can correctly reject the null of no
endogeneity.2

Many previous studies employ the control function approach for various issues. In
a linear regression framework, the control function approach is essentially an instru-
mental variable method.3 Although Goldberger (1972) did not use the phrase ‘Control
Function’, notably this is the first study which uses the concept of control function to
address self-selection into program participation. Subsequently, Barnow et al. (1981)
and Heckman and Robb (1985) implement this approach in the context of program
evaluation for longitudinal data and since then the control function approach has been
widely used in applied research in the last three decades. Imbens and Wooldridge
(2009) and Wooldridge (2015) provide an overview of how the control function
approach has been implemented in various linear and non-linear models to resolve
estimation problems regarding selection and endogeneity bias.

Lee (2007) extends the Koenker and Bassett (1978) quantile regression method to
an endogenous quantile regression model by using a control function approach. In
addition to the linear and non-linear additive separable models, the control function
approach can be also used to correct endogeneity issue for the nonseparable models
and the topic has been an active research area since the late 1990s. By extending
the Newey et al. (1999) control function approach, Newey et al. (2003) show the
identification and estimation of nonseparable, nonparametric triangular simultaneous
equation models. Chesher (2003) and Chesher (2005) develop conditional quantile
restrictions to identify nonseparable models and Ma and Koenker (2006) use those
identification results to a nonseparable parametric model and also develop a control
function method for the parametric model.4 Our estimator can be thought of as an
extended control function approach for heterogeneous endogeneity.

We extend our baseline model specification into two important directions. The
first case is when clear classification for exogenous and endogenous groups is not
possible because there exists no relevant economic theory or no information about the
group membership is available prior to estimation. To address the issue, we employ k-
mean clustering following the idea of Bonhomme andManresa (2015). This approach
extracts signals about group membership from the data without explicitly modeling
the group structure and uses the signals to identify exogenous and endogenous groups.
The finite sample performance of the resulting estimator is provided in Appendix B.
The first model extension will be useful for panel data with large or moderately large
T . Such cases can be easily found in country-level macro or international finance panel
data sets.

Secondly, we incorporate heterogeneity in the coefficients of endogenous variables
by using the correlated random coefficient (CRC) model proposed by Heckman and

2 Though the strength of the instrument is a factor we vary in our simulations, none of the cases we consider
suffer from a weak instrument problem in the sense of Nelson and Startz (1990b) or Stock et al. (2002).
3 In Sect. 2, we explain the control function method in detail.
4 Pinkse (2000), Blundell and Powell (2003), Darolles et al. (2003), Hall and Horowitz (2005), Vytlacil
and Yildiz (2007), Blundell et al. (2007), Florens et al. (2008), and Imbens and Newey (2009) among others
have extended the literature.
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Vytlacil (1998) and Wooldridge (2015).5 This extension is important in that a model
that only considers homogeneous effects can produce inconsistent estimates when
heterogeneity in a coefficient of an endogenous variable is correlated with the same
endogenous variable in the population. If we fail to properly handle the issue, the
correlated heterogeneity is absorbed in the error term of a model and creates another
endogeneity issue. We apply different extended models in our empirical application
about a government job training program for robust checks.

In the rest of this paperwe formally present our notationof heterogeneous endogene-
ity, derive its asymptotic properties, present a test for the presence of heterogeneous
endogeneity, show the efficiency gains from modeling heterogeneous endogeneity
when it is present through a series of simulation exercises and apply it to data on the
effects of job training on earnings in an example.

2 Heterogeneous endogeneity

2.1 Model specification

In many empirical studies, individual observations are often categorized into several
groups according to their qualitative or quantitative characteristics.We therefore intro-
duce a linear regression model which allows for ‘heterogenous endogeneity’ across
different groups:

yi j = x ′
i jβ + ui j , (1)

xi j = Z ′
i jπ + νi j (2)[

ν∗
i j

ui j

]
∼ i .i .d

([
0
0

]
,

[
IK ρ jσu

ρ′
jσu σ 2

u

])
(3)

f or i = 1, 2, . . . , N j , and j = 1, 2, . . . , J

where yi j is a 1×1 dependent variable; xi j is a K × 1 vector of endogenous variables;
zi j is an L × 1 vector of instrumental variables,6 ν∗

i j = Σ−1
ν νi j , Σν = Var(νi j ),

5 There is a large literature on models where the heterogeneous effects of endogenous variables on an
outcome variable exist in the population. In the literature, many important works such as Abadie (1991) and
Angrist et al. (1996) have proposed methods for estimating the average effect of receiving or not receiving
a binary treatment. Recently, Florens et al. (2008) provided a non-parametric way to analyze heterogeneous
effects of a continuous treatment. For heterogeneous response models, see Heckman et al. (1997), Card
(1999) , Card (2001), Heckman and Vytlacil (2005), Heckman and Vytlacil (2007a), Heckman and Vytlacil
(2007b) and references therein.
6 For notational simplicity, we do not include a vector of exogenous covariates in Eq. (1). We assume that
we have a set of valid instruments zi j in Eq. (2) and thus the parameter β in Eq. (1) can be consistently
estimated by 2SLS. This assumption also implies that our instrument is exogenous to all subgroups of
population. Some specific examples of such instruments can be found in Graddy (1995) and Acemoglu
et al. (2013).
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and Zi j = (IK ⊗ zi j ); ρ j = [ρ1 j , ρ2 j , . . . , ρK j ]′ is a K × 1 vector of correla-
tion coefficients. The subscript i j denotes the i-th individual observation in the j-th
group. We take the standard assumptions that all the elements of zi j are not perfectly
collinear and the rank condition hold for identification. The above model incorporates
the heterogeneous degrees of association between xi j and ui j for J groups:

Corr(xi j , ui j |zi j ) = Corr(νi j , ui j |zi j ) = ρ j �= ρ. for j = 1, 2, . . . , J .

We define this important feature of the population as ‘heterogeneous endogeneity’.
In this section, we consider a simple linear model without any included exogenous

variables and with predetermined group assignments7 to better understand how het-
erogeneous endogeneity affects conventional methods and how our proposed method
works in familiar settings. However, many important implications suggested by this
paper are easily generalized to fairly complicated linear and non-linear models.

2.2 Asymptotic properties of a proposed estimator under heterogeneous
endogeneity

If ρ j is significantly different from zero for one group while ρ j is zero for another
group, theOLS estimator is inconsistent due to the former group’s degree of endogene-
ity. Conversely, the 2SLS estimator with a set of valid instruments would be consistent
but the asymptotic variance would be higher than necessary as we lose a significant
amount of information in the latter group. This type of potential heterogeneous endo-
geneity and associated econometric issues have been largely ignored in literature. As
shown in Sect. 2.4, the power of a test for endogeneity and the sampling distribu-
tions of applied estimators are significantly affected by the presence of heterogeneous
endogeneity.

In this section,we introduce an estimator basedon aControl Function (CF) approach
and study its asymptotic properties under the existence of heterogeneous endogene-
ity. In particular, we show that the proposed CF method provides an asymptotically
efficient estimator within the class of IV estimators under heterogeneous endogeneity.

To implement a CF approach, we can write the linear projection of ui j on νi j :

ui j = ν′
i jγ j + ηi j , ηi j ∼ (0, σ 2

η j
) (4)

where γ j = [
E(ν′

i jνi j )
]−1

E[νi j ui j ] is the population regression coefficients. In a
similar fashion, a group-wise heteroskedasticity in ηi j caused by heterogeneous endo-
geneity should be considered without the normality assumption. Substituting Eqs. (4)
into (1) for group j gives

yi j = x ′
i jβ + ν′

i jγ j + ηi j , ηi j ∼ (0, σ 2
η j

). (5)

7 The group assignments in terms of heterogeneous endogeneity would be viable if economic theories
suggest that observed individual characteristics decide the group structure.
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The conditional expectation of yi j given xi j and zi j is E[yi j |xi j , zi j ] = E[yi j |
xi j , νi j ] = x ′

i jβ +ν′
i jγ j where νi j = (xi j − Z ′

i jπ). The error term ηi j is not correlated
with both of xi j and νi j and therefore, we can consistently estimate β by including
a control function νi j in the regression model. While νi j is not directly observed, the
error term can be consistently estimated by running OLS. By replacing νi j in Eq. (5)
with OLS residuals ν̂i j , we obtain the following reduced form equation:

yi j = x ′
i jβ + ν̂′

i jγ j + εi j (6)

where εi j = (νi j − ν̂i j )
′γ j + ηi j . The OLS estimation of Eq. (6) is known as a control

function approach. It is worth mentioning that the CF approach produces numeri-
cally identical estimates to 2SLS estimates when both methods ignore heterogeneous
endogeneity.

Using matrix notation, we rewrite Eq. (6) as:

Y = Xβ + V̂Γ + E (7)

where the N × K matrix X contains the regressors xi j and N = ∑J
j=1 N j ; N j is the

total number of observations in the j th group; V̂ = diag[ν̂1, ν̂2, ν̂3, · · · ν̂J ] is the
N × K J control function matrix; ν̂ j = [ν̂1 j ν̂2 j . . . ν̂N j j ]′ is a N j × K error matrix
of j-th group; the K J × 1 vector Γ contains the coefficients of the control function;
E = [ε′

1 ε′
2 ε′

3 . . . ε′
J ]′ where ε j = [ε1 j ε2 j . . . εN j j ]′. Based on Frisch-Waugh-Lovell

(FWL) theorem, we get the CF estimator for β:

β̂CF =
(
X ′MV̂ X

)−1(
X ′MV̂ Y

)
(8)

where MV̂ = IN − V̂ (V̂ ′V̂ )−1V̂ ′. The asymptotic distribution of the CF estimator is
given in the following Lemma 1.

Lemma 1 Suppose that Assumptions 1 to 3 as shown in Appendix hold. Then,

√
N

(
β̂CF − β

)
d→ N

⎛
⎜⎝0, σ 2

u

⎛
⎝ J∑

j=1

a j Q
′
Z j X j

Q−1
Z j Z j

QZ j X j

⎞
⎠

−1
⎞
⎟⎠

where a j = lim
N→∞

(
N j
N

)
and

J∑
j=1

a j = 1.

Note that the asymptotic variance of the estimator is a function of a weighted average
of the population moments of different groups. If the population moments of different
groups are same, the asymptotic distribution of the estimator β̂CF becomes equivalent
to that of the conventional 2SLS estimator. That is,

√
N

(
β̂CF − β

)
d→ N

(
0, σ 2

u

(
Q′

Z X Q
−1
Z Z QZX

)−1
)
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if Q′
Z j X j

Q−1
Z j Z j

QZ j X j = Q′
Z X Q

−1
Z Z QZX for j = 1, 2, . . . , J . However, even when a

2SLS estimation is asymptotically equivalent to the CF approach, the CF method has
a very attractive feature for endogeneity tests as we will describe in Sect. 2.4.

Suppose that m out of J groups are not subject to endogeneity with ρ j = 0 for
j = j1, . . . , jm . Then, we have:

Corr(xi j , ui j |zi j ) = Corr(νi j ui j |zi j ) = 0, f or j = j1, . . . , jm .

Given the m exogenous groups, we rewrite Eq. (7) in the following block matrix

[
ye
yne

]
=

[
xe
xne

]
β +

[
ν̂e 0
0 ν̂ne

] [
γe
γne

]
+

[
εe
εne

]

where the subscript ‘e’ represents the J −m endogenous groups with ρ j �= 0 and the
subscript ‘ne’ represents the remaining m exogenous groups with ρ j = 0; the matrix
of the control functions of the m groups is denoted by ν̂ne = diag[ν̂ j1

ν̂ j2 . . . ν̂ jm ]
and ν̂e is the matrix of the control functions for the remaining J − m groups. Since
γne = 0, we get the following equivalent linear equation:

[
ye
yne

]
=

[
xe
xne

]
β +

[
ν̂e
0

]
γe +

[
εe
εne

]

(Y = Xβ + ṼΓe + E) (9)

where Ṽ =
[
ν̂e
0

]
, Γe = γe, and E =

[
εe
εne

]
. By using the FWL theorem, we get

β̂∗
CF =

(
X ′MṼ X

)−1(
X ′MṼ Y

)
(10)

where MṼ = IN − Ṽ (Ṽ ′Ṽ )−1Ṽ ′. Note that β̂∗
CF is a special case of β̂CF because Ṽ

is a special form of the matrix V̂ . Hence, we get the following result.

Proposition 1 Suppose that ρ j = 0 for j = j1, j2, . . . , jm. Then, the control function
estimator β̂∗

CF can be written as

β̂∗
CF = W β̂e,2SLS + (I − W )β̂ne,OLS

where β̂e,2SLS = (
x ′
eMν̂e xe

)−1(
x ′
eMν̂e ye

)
; Mν̂e = INe − ν̂e(ν̂

′
eν̂e)

−1ν̂′
e and Ne is the

total number of observations in endogenous groups. β̂e,2SLS is the 2SLS estimator for

J −m endogenous groups and β̂ne,OLS = (
x ′
nexne

)−1
x ′
ne yne is the OLS estimator for

m exogenous groups, respectively. The weight matrix W is given by

W = (
x ′
nexne + x ′

eMν̂e xe
)−1

(x ′
eMν̂e xe)

=
(

̂Avar
[
β̂e,2SLS

]−1 + ̂Avar
[
β̂ne,OLS

]−1
)−1(

̂Avar
[
β̂e,2SLS

]−1
)
.
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The proof of Proposition 1 is given in the Appendix. It is important to recog-
nize that the weighting matrix W is a function of the asymptotic covariance matrices
of βe,2SLS and βne,OLS .8 Proposition 1 is intuitively very appealing in that the CF
estimator imposes relatively a larger (smaller) weight matrix to an estimator with a
smaller (larger) covariance matrix. The following Lemma 2 provides the asymptotic
distribution of the CF estimator when some groups do not suffer from endogeneity.

Lemma 2 Suppose that ρ j = 0 for j = j1, j2, . . . , jm and the standard Assumptions 1
and 2 hold. Then, the control function estimator β̂∗

CF has the following asymptotic
distribution given instrumental variables Z:

√
N

(
β̂∗
CF − β

)
d→ N

(
0, σ 2

u

(
w Q′

ZeXe
Q−1

Ze Ze
QZeXe + (1 − w) Q−1

Xne Xne

)−1
)

where Xe and Ze present the endogenous variable and the instrumental variable
matrices for endogenous groups; Xne presents the exogenous variable matrix for

exogenous groups and w = lim
N→∞

(
Ne
N

)
.

We provide the Proof of Lemma 2 in the Appendix. From Lemma 2, we can show that

Avar
(
β̂∗
CF

)
=

(
Avar

(
βe,2sls

)−1 + Avar
(
βne,ols

)−1
)−1

If all the groups are subject to endogeneity, β̂∗
CF becomes β̂2SLS asw = 1. On the other

hand, if all the groups are free from endogeneity, β̂∗
CF becomes a simple β̂OLS with

w = 0. Therefore, our CF estimator encompasses the 2SLS and OLS estimators in
those special cases. For a general case where we have both endogenous and exogenous
groups together, Proposition 2 shows that the CF estimator is asymptotically more
efficient than the other two conventional estimators.

Proposition 2 Suppose that ρ j = 0 for j = j1, j2, . . . , jm and the Assumption 1 and 2
hold in Appendix. Then, the control function estimator β̂∗

CF is asymptotically efficient
within the class of instrumental variables estimators given instrumental variables Z.

Weprove Proposition 2 by comparing the inverse of the asymptotic variances of the CF
estimator and the conventional 2SLS estimator. More details of the proof are provided
in the Appendix.

As for the estimator of σ 2
u , we calculate the residual ε̂i j by running the OLS regres-

sion of yi, j on xi j and ν̂i j in Eq. (9). Since the variances of εi j are different across J
groups due to heterogeneous endogeneity, we have a consistent estimator of σ 2

u :

σ̂ 2
u = 1

N
Û ′Û (11)

8 We note that by definition W is a K × K matrix. In a special case, when we have only one endogenous
variable, W is a scalar and 0 ≤ W ≤ 1.
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where Û is

Û =
[
ε̂e + ν̂eγ̂e

ε̂ne

]

and ε̂e is the vector of residual ε̂i j for endogenous groups and γ̂e is the estimated γe by
OLS. Because β̂∗

CF is a consistent estimator, the estimator in Eq. (11) also provides a
consistent estimator of σ 2

u . Thus, the covariance matrix of β̂∗
CF is estimated by

̂Avar
(
β̂∗
CF

)
= σ̂ 2

u

(
Ne

(
x ′
e PZe xe

)−1 + Nne
(
x ′
nexne

)−1
)−1

(12)

where Ne and Nne are the numbers of observations in endogenous and exogenous
groups, respectively.

Under the homoskedasticity setup specified in Eq. (3) and Assumption 1, we have
derived the asymptotic covariance matrix of β̂∗

CF . The results provided in this section
can be carried over to a case with a more general form of heteroskedasticity by using
the residuals ûi j obtained by the consistent estimators. For instance, we can easily
handle the group-wise heteroskedasticity in ui j by estimating σ̂ 2

j and pre-multiplying
its inverse to the corresponding dependent and explanatory variables in Eq. (3). Then,
the asymptotic results presented here can be applied to the observations normalized
by σ̂ 2

j .

2.3 Inference under heterogeneous endogeneity

In Sect. 2.2, we have investigated the asymptotic properties of the proposed control
function estimator for β when there exists heterogeneous endogeneity. In addition to
the asymptotic properties, we also need to study the asymptotic distributions of γ̂ j for
j = 1, 2, . . . , J . Therefore, in this section we provide further asymptotic results for
the estimators of γ j and also propose a proper test for heterogeneous endogeneity. For
this purpose, we first rewrite the model in Eqs. (1) and (2) as:

yn = x∗′
n δ + ηn, (13)

xn = Z ′
nπ + νn (14)

where x∗
n = [x ′

n V ′
n]′; νn = Σνν

∗
n ; Vn = (Dn ⊗ νn); δ = [β ′ Γ ′]′; Γ =

[γ ′
1 γ ′

2 . . . γ ′
J ]′; n = ∑ j−1

g=0 Ng + i and N0 = 0 for i = 1, 2, . . . , N j and
j = 1, 2, . . . , J . Dn is a (J × 1) row vector, whose j-th element takes one if the
n-th individual is in group j and all remaining elements are zeros. From Eq. (14), we
obtain the control function, V̂n = xn − Z ′

nπ̂ where π̂ is the OLS estimator of π . Using
π̂ , we define x̂∗

n = [x ′
n V̂ ′

n]′ and obtain the following OLS estimator of δ:

δ̂ =
(

N∑
n=1

x̂∗
n x̂

∗′
n

)−1 (
N∑

n=1

x̂∗
n yn

)
. (15)
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Before investigating the asymptotic distribution of δ̂, in the following Lemma 3 we
derive the consistency property of δ̂.

Lemma 3 Suppose that the standard Assumptions 1 and 2 (stated in the appendix)
hold. Then the OLS estimator δ̂ is a consistent estimator for δ.

Because δ̂ = [β̂ ′ Γ̂ ′]′, Lemma 3 also implies that Γ̂ is a consistent estimator of Γ .
Therefore, the above result suggests that even if we do not observe Vn , we can still
consistently estimate the coefficient of Vn in Eq. (13) as long as we have a set of valid
instruments. We use this consistency property of δ̂ to derive its asymptotic distribution
in the following Proposition 3.

Proposition 3 Suppose that the standard Assumptions 1 and 2 (stated in the appendix)
hold. Then the asymptotic distribution of the OLS estimator δ̂ is given by:

√
N

(
δ̂ − δ

)
d−→ N

(
0,C−1(H M H ′ + Var [x∗

nηn])(C−1)′
)

,

where C = E[x∗
n x

∗′
n ], H = E

[
x∗
n

(
Γ ′ × Zn

)]
, Zn = (Dn ⊗ Z ′

n),
√
N (π̂ − π)

d−→
N (0, M).

From Proposition 3, we obtain the following estimate for the asymptotic variance of
δ̂,

̂Avar(δ̂) = 1

N
Ĉ−1

(
Ĥ M̂ Ĥ ′ + ̂Var [x∗

nηn]
)
(Ĉ−1)′

where Ĉ = 1
N

∑N
n=1 x̂

∗
n x̂

∗′
n , Ĥ = 1

N

∑N
n=1 x̂

∗
n (Γ̂

′Zn) and ̂Var [x∗
nηn] = 1

N

∑N
n=1

(x̂∗
n η̂n)(x̂

∗
n η̂n)

′. Note that η̂n = yn − x̂∗′
n δ̂ and M̂ which is an estimate of the asymptotic

variance of
√
N (π̂ −π) can be obtained from the first stage regression. By calculating

theWald statistic from the estimated asymptotic variance of δ̂, we performvarious tests
such as H0 : βk = 0 for k = 1, 2, . . . , K or H0 : ρ j = 0 (equivalently H0 : γ j = 0)
for j = 1, 2, . . . , J . Details of proofs for Lemma 3 and Proposition 3 are given in the
appendix.

Detection of heterogeneous endogeneity is based on the null hypothesis, H0 :
ρ1 = ρ2 = · · · = ρJ . To implement the heterogeneous endogeneity test, we use
the normalized residual vector ν̂∗

i j = Σ̂−1
ν (xn − Z ′

nπ̂) from Eq. (2). In the second-
stage, we use the control function, ν̂∗

i j as an additional regressor in Eq. (1) and obtain

γ̂ j , which is the OLS estimate of γ j = [
E(ν∗′

i j ν
∗
i j )

]−1
E

(
ν∗
i j ui j

) = E[ν∗
i j ui j ] =

σuρ j for j = 1, 2, . . . , J . Using the estimated coefficients, we perform a test for
heterogeneous endogeneity under the null hypothesis, H0 : γ1 = γ2 = · · · = γJ .9

Since the asymptotic distribution and the standard error for γ̂ j are not standard due
to the generated regressors ν̂∗

i j , we need to derive a proper asymptotic distribution
taking into account the generated regressor problem. The asymptotic distribution of

9 Note that when there exists heteroskedasticity in ui j , we should consistently estimate the heteroskedas-
ticity first and then employ normalized data for this test.
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γ̂ j , when ν̂∗
i j is employed, is similar to one given in Proposition 3 except thatZn should

be normalized asZn = (
Dn×Σ̂−1

ν Z ′
n

)
. Influence of the use of Σ̂ν on the asymptomatic

distribution of γ̂ j is onlymarginal as long as Σ̂ν is consistent. Therefore, we can obtain
satisfactory test results by simply computing the asymptotic variance in Proposition 3
with the normalized instruments, Zn = (

Dn × Σ̂−1
ν Z ′

n

)
.10

2.4 Finite sample properties: Monte-Carlo study

In addition to the heterogeneous endogeneity test, we also investigate how incorrectly
assuming homogeneous endogeneity affects hypothesis testing for endogeneity. More
specifically, we calculate and compare the power functions of tests with homogeneous
and heterogeneous endogeneity assumptions using 10,000 sets of data generated by
the following linear model:

yi j = β0 + β1xi j + ui j , (16)

xi j = π0 + π1zi j + νi j[
νi j
ui j

]
i .i .d.∼ N

([
0
0

]
,

[
σ 2

ν ρ jσνσu
ρ jσuσν σ 2

u

])

i = 1, 2, . . . , N j , j = 1, 2 (17)

where ρ1 is not necessarily same as ρ2. The assumption of homogeneous endogeneity
often used in empirical applications implicitly imposes a restriction to the 2nd stage
regression:

yi = β0 + β1xi + γ ν̂i + εi

for i = 1, 2, . . . , N . This leads to a test for endogeneity of the following null and
alternative hypotheses11:

H0 : γ = 0 (No Endogeneity)

Ha : γ �= 0 (Endogeneity)

Conversely, by recognizing that heterogeneous groups may suffer from different
degrees of endogeneity, we consider the following regression model:

yi j = β0 + β1xi j + γ j ν̂i j + εi j

10 Through Monte-Carlo simulations, we confirm that a power of the test for heterogeneous endogeneity
is well controlled when a concentration parameter is higher than 10.
11 To perform this endogeneity test, we implicitly assume that the instrumental variables zi j are completely
exogenous. Therefore, ν̂i j contains all the contaminated part of xi j because in the first stage we project xi j
on the instrumental variable space.
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where i = 1, 2, . . . , N j and j = 1, 2. This model leads to a test of the null and
alternative hypotheses:

H0 : γ1 = 0 and γ2 = 0 (No Endogeneity)

Ha : γ1 �= 0 or γ2 �= 0. (Endogeneity)

We perform the aforementioned hypothesis tests based on a heteroskedasticity-robust
Wald test statistic and compare the sizes and powers of the two tests for endogeneity.
Note that under H0, the generated regressor problemdisappears because H = E

[
(Γ ′⊗

xn)Zn
]
is a null matrix. Therefore, a conventional Wald-type test can be used for the

endogeneity test.
In generating data, we use the parameter values, {β0 = 1, β1 = 0.5, σ 2

u =
1, δ0 = 1, δ1 = 1}. The correlation parameter ρ1 is fixed at 0 in all simulations,
which means that the first group does not suffer from endogeneity. The different
degrees of endogeneity for group 2 are assumed with ρ2 ranging from −0.9 to 0.9,
{ρ2 = − 0.9,− 0.8, . . . , 0, 0.1, . . . , 0.8, 0.9}. For instance, when ρ1 = 0 and ρ2 = 0,
we can obtain the sizes of the two tests. On the other hand, when ρ1 = 0 and ρ2 = 0.5,
the powers of the two tests can be evaluated by calculating rejection rates. We make
use of the concentration parameter to analyze the effects of strength of instruments on
the power functions of these endogeneity tests:

μ2 = N

(
Var(π1zi, j )

Var(νi, j )

)
.

We consider different values of μ2 = {10, 40, 70, 100} and different numbers of
observations in the two groups in our simulation. We note that though a smaller value
of μ2 means that the instrument is weaker, none of the instruments we study are weak
in the sense of Nelson and Startz (1990a) and Nelson and Startz (1990b).

The upper left quadrant of Table 1 shows our simulation results when the concentra-
tion parameter is small (μ2 = 10). We consider three cases. The first is a sample size
of 100 equally split between endogenous and exogenous groups (N1 = 50, N2 = 50).
Here the power of a standard endogeneity test is quite low compared to that of our
heterogeneous endogeneity approach. For example, at a correlation parameter of 0.5,
the standard test rejects the (false) null only 12% of the time compared to the 69%
rejection rate achieved by the heterogeneous approach. The upper right quadrant of
Fig. 1 displays these two power curves.

Our second case is a sample size of 500 with 400 observations exogenous and
100 endogenous (N1 = 400, N2 = 100). Here the performance gap between the two
approaches is even wider. Again, taking the case where the correlation parameter is
0.5, the standard approach rejects 6% of the time compared to 99% from the procedure
that allows for heterogeneous endogeneity. The third case is a sample size of 500 with
100 observations exogenous and 400 endogenous (N1 = 100, N2 = 400). While the
standard testing approach has a better rejection rate here, it is still far below that of
our proposed test procedure at all levels of the correlation parameter.
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Fig. 1 Power curves of endogeneity tests based on control function approach: power comparison with
different values of concentration parameter under heterogeneous endogeneity. To generate the power curves
of endogeneity test based on control function approach, we consider the following two models: Model 1
(homogenous endogeneity): yi = β0+β1xi +γ νi +εi , i = 1, 2, . . . , N and test hypotheses are H0 : γ =
0, Ha : γ �= 0. Model 2 (heterogenous endogeneity): yi j = β0 +β1xi j +γ j νi j + εi j , i = 1, 2, . . . , N j ,
j = 1, 2 and test hypotheses are H0 : γ1 = γ2 = 0, Ha : γ �= 0. We generate 10,000 artificial samples
for simulation. The red bold line is the power curve under the heterogeneous endogeneity assumption. The
dotted green line is the power curve under the homogeneous endogeneity assumption. Endogeneity tests
are conducted using Heteroskedasticity-robust Wald statistics. The concentration parameter (μ2) measures

the strength of the instrument and is defined as μ2 = N
( Var(π1zi j )

Var(νi j )

)

The other three quadrants of Table 1 and Fig. 1 contain simulation results for these
same three cases at larger values of the concentration parameter. While a greater
proportion of the sample being endogenous clearly helps the rejection rate of the
standard approach, there are considerable gains in power from using our proposed test
procedure in almost all cases.

Under heterogeneous endogeneity, the conventional 2SLS no longer provide an
asymptotically efficient estimator as shown in Proposition 2. In particular, we waste
considerable amount of information in the regressors xi j by using 2SLS when some
subgroups are not subject to endogeneity. The CF procedure introduced in Sect. 3.2
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produces a straightforward tool to resolve this issue by fully utilizing relevant infor-
mation in estimating model parameters. The following is the summary of the control
function approach for heterogeneous endogeneity.

Control Function Procedure under Heterogeneous Endogeneity

Step 1 Run the OLS regression of xi j on all exogenous variables Zi j :

X = Zπ + V

and obtain OLS residuals ν̂i j .
Step 2 Construct V̂ = diag[ν̂1, ν̂2, ν̂3, . . . ν̂J ] and run the OLS regression of yi j on

xi j and ν̂i j :

Y = Xβ + V̂Γ + E

and obtain β̂, and Γ̂ . Conduct a hypothesis testing of the null and alternative
H0 : γ j = 0, Ha : γ j �= 0 using a robust test statistic for j = 1, 2, . . . , J
based on Proposition 3.

Step 3 Construct Ṽ =
[
ν̂e
0

]
and run the OLS regression of yi j on xi j , and v̂i j for

endogenous groups and only on xi j for exogenous groups:

Y = Xβ + ṼΓe + E

In this section, we perform Monte-Carlo simulations to show the utility of the
proposed CF procedure in finite samples.12 In studying the finite sample properties of
alternative estimators including the CF estimator, 10,000 sets of samples are generated
from the model in Eqs. (16) and (17). As before, we assume that one group is subject
to endogeneity and another is not by using ρ1 = 0 and ρ2 = −0.7 in the data
generating process. The values of all other parameters, the concentration parameter,
and the number of observations in each group are assumed to be all the same as those
used in the previous simulation.

Figure 2 reports the sampling distributions of OLS, 2SLS, and CF estimators of
the parameter β1 under heterogeneous endogeneity. Regardless of different values of
the concentration parameter (μ2 = {10, 100}), the CF procedure gives the best result.
Notice that while the OLS estimator is severely biased, the sampling distributions of
the 2SLS and CF estimators are centered around the true value 0.5 only with N = 100.
It is noticeable that the efficiency gain from the proposed CF procedure is significant.
Especially, the variance of the sampling distribution of the CF estimator is much
smaller than that of the 2SLS estimator when μ2 = 10. They are comparable when
μ2 = 100. It is worth mentioning that there still exist considerable benefits of using
the CF approach even when the sample size is relatively large as shown in Fig. 2.
When N = 500, the sampling distribution of the estimator based on the CF approach
has the most desirable finite sample properties comparing other alternative methods.

12 In the simulation study, we assume that the exogenous group is priorly known. In the case where the
exogenous group is not known, a straightforward test can be performed to identify the group.

123



Heterogeneous endogeneity

0 0.2 0.4 0.6 0.8 1
 Coeff of Endogenous Regressor ( 1) 

0

5

10

15

 P
ro

ba
bi

lit
y 

D
en

si
ty

 F
un

ct
io

n 
2 = 10 and N = 100 (N1 = 50, N2 = 50)

OLS
2SLS
CF

0 0.2 0.4 0.6 0.8 1
 Coeff of Endogenous Regressor ( 1) 

0

5

10

15

 P
ro

ba
bi

lit
y 

D
en

si
ty

 F
un

ct
io

n 

2 = 100 and N = 100 (N 1 = 50, N2 = 50)

OLS
2SLS
CF

0 0.2 0.4 0.6 0.8 1
 Coeff of Endogenous Regressor ( 1) 

0

5

10

15

 P
ro

ba
bi

lit
y 

D
en

si
ty

 F
un

ct
io

n 

2 = 40 and N = 500 (N1 = 400, N2 = 100)

OLS
2SLS
CF

0 0.2 0.4 0.6 0.8 1
 Coeff of Endogenous Regressor ( 1) 

0

5

10

15

 P
ro

ba
bi

lit
y 

D
en

si
ty

 F
un

ct
io

n 

2 = 40 and N = 500 (N1 = 100, N2 = 400)

OLS
2SLS
CF

Fig. 2 Sampling distributions of β1 from OLS, 2SLS, and control function (CF) methods: a comparison
with different values of concentration parameter (μ2) under heterogeneous endogeneity. The data generating
process is given by yi j = β0 + β1xi j + ui j and xi j = π0 + π1zi j + νi j where β0 = 1, β1 = 0.5, π0 = 1,

π = 1 and

[
νi j
ui j

]
i id∼ N

([
0
0

]
,

[
σ 2
ν ρ jσνσu

ρ jσνσu σ 2
u

])
. We set σ 2

u = 1, ρ1 = 0, ρ2 = −0.7 and generate

10,000 artificial samples to estimate the probability density functions

Table 2 providesmore specific evidence about the relative performance of 2SLS and
the proposed CF estimator in simulations. Efficiency gains (as measured by howmuch
bigger the coefficient’s standard error is in 2SLS compared to our CF estimator) from
adopting our approach can be quite substantial as the median gain reported is around
42%. Regardless of sample size and fraction of the observations that are endogenous,
efficiency gains are large for cases where the instrument is not overwhelmingly strong.
For examplewith 500 observations, 80%ofwhich are exogenous, our CF estimator has
a standard deviation half the size of the 2SLS estimator (97% efficiency gain) when the
concentration parameter is 30.With the same sample but only 20% of the observations
exogenous, the efficiency gain from our CF procedure versus 2SLS is 34%. Note
that given our model has one regressor, there is a direct correspondence between the
concentration parameter and the first stage F-statistic in a 2SLS procedure, so this
case (concentration parameter of 30) is the case where the instrument is quite strong
by conventional measures. Even in such an extreme case where the concentration
parameter is 100 and only 20% of the observations are exogenous, we still achieve
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about a 15% efficiency gain. With the same concentration parameter but 80% of the
observations exogenous, the efficiency gain is around 40%.

3 Model extensions

This section extends the model given in Eqs. (1), (2), and (3) in two important direc-
tions. The first extension is to allow for unknown group membership due to a lack
of proper economic theory. We introduce two statistical methods to directly identify
endogenous and exogenous groups based on data. The second extension is to allow for
unobserved heterogeneity in the coefficients of the endogenous variables by employing
the correlated random coefficient (CRC) model proposed by Heckman and Vytlacil
(1998) and applied by Wooldridge (2015).

3.1 Identifying exogenous and endogenous groups

Suppose that there is a set of categorical variables13 that potentially define the
exogenous and endogenous groups. One can easily create non-overlapping groups
and a group index variable for all individual units based on such variables. Let
gi ∈ {1, 2, . . . ,G} denote the group index variable where G indicates the count
of all groups. Using gi , we rewrite the model as follows:

yi = x ′
iβ + ν′

iγgi + ηi (18)

where i = 1, 2, . . . , N . Because all individual units that belong to the same group
(i.e. all i such that gi = g) share the same value of γgi , the model can be easily
estimated by employing group dummies as additional regressors. In order to test for
which groups are subject to endogeneity and which groups are not (i.e. γg = 0 v.s.
γg �= 0 for g = 1, 2, . . . ,G), we can apply the asymptotic distribution in Proposition 3
or bootstrapmethods. In our empirical application, endogenous and exogenous groups
are selected based on this approach.

We provide another statistical procedure for estimating the groupmembershipwhen
no categorical variable is available but individual units have time series observations.
The proposed method is built upon the well-known kmeans clustering algorithm by
Forgy (1965). Consider the following panel data model which is featured by hetero-
geneous endogeneity:

yi,t = x ′
i,tβ + ν′

i,tγgi + ηi,t (19)

where i = 1, 2, . . . , N and t = 1, 2, . . . , T . Let φ = {g1, g2, . . . , gN } denote a par-
ticular grouping of all individual units, i ∈ {1, 2, . . . , N }. Our proposed estimator that
simultaneously takes into account unknown group membership and model parameters
is defined by the minimization problem:

13 A continuous variable can be used to create a categorical variable with proper threshold values.
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(
β̂CF , γ̂ , φ̂

) = argmin
β,γ,φ

N∑
i=1

T∑
t=1

(
yi,t − x ′

i,tβ − ν̂′
i,tγgi

)2

where gi ∈ {1, 2, . . . ,G}; γ = {γ1, γ2, . . . , γG}. Suppose that the values of β and
γ are given. Then the group assignment is optimally determined by minimizing the
following objective function:

φ̂(β, γ ) = argmin
φ

N∑
i=1

T∑
t=1

(
yi,t − x ′

i,tβ − ν̂′
i,tγgi

)2

where φ̂(β, γ ) = {ĝ1(β, γ ), ĝ2(β, γ ), . . . , ĝN (β, γ )}. Since the optimal group
assignment depends on {β, γ }, we can define the estimator of {β, γ } as:

(
β̂CF , γ̂

) = argmin
β,γ

N∑
i=1

T∑
t=1

(
yi,t − x ′

i,tβ − ν̂′
i,tγĝi (β,γ )

)2
.

The estimator of φ is φ̂(β̂CF , γ̂ ) given β̂CF , γ̂ .
The theoretical underpinning of this approach is based on the study of Bonhomme

and Manresa (2015) who develop a group fixed-effects (GFE) estimator. The GFE
estimator is designed to estimate group-specific parameters and group membership
at the same time while allowing for arbitrary correlations between the group fixed
effects and covariates. One of the main theoretical results in Bonhomme and Manresa
(2015) is that all model parameters including the latent group membership are consis-
tently estimated without explicitly modeling the link between the group fixed effects
and the covariates, when both N and T go to infinity. In addition to the important
theoretical result, they successfully show via Monte-Carlo simulation that the GFE
estimator performs well even when T is moderately small. The fact that the generated
regressor ν̂i,t converges to its true value asymptotically and the theoretical conclusion
of Bonhomme andManresa (2015) directly suggest that the model parameters and the
group membership of our model can be consistently estimated without any variables
that define the endogenous and exogenous groups in the population. Next we sum-
marize each step for the new method that combines the CF approach and the kmeans
clustering algorithm.

Parameter estimation and group assignment

Step 1 Obtain the residual vectors ν̂i,t for t = 1, 2, ..., T and i = 1, 2, . . . , N using
the control function approach described in Sect. 2.3.

Step 2 Determine the initial values of β and γg for g = 1, 2, . . . ,G. We assume that
the first group (g = 1) is the exogenous group for identification by restricting
γ1 = 0.
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Step 3 Assign i-th individual unit to one of the groups in {1, 2, ...,G} given the values
of β and γg:

ĝi
(
β, γ2

) = argmin
g∈{1,2,...,G}

T∑
t=1

(
yi,t − x ′

i,tβ − ν̂′
i,tγg

)2
.

Step 4 Obtain β̂CF and γ̂g for g = 2, 3, . . . ,G given φ̂ = {ĝ1, ĝ2, . . . ĝN }:

(
β̂CF , γ̂2

) = argmin
β,γ2

N∑
i=1

T∑
t=1

(
yi,t − x ′

i,tβ − ν̂′
i,tγĝi

)2
.

Theanalytic solution to the aboveminimizationproblem is given inEqs. (9) and
(10). Thus, this step does not require any optimization algorithm. Set β = β̂CF

and γg = γ̂g and compute the sum-of-squared residuals,
∑N

i=1
∑T

t=1

(
yi −

x ′
iβ − ν̂′

iγĝi

)2
for the next iteration.

Step 5 Repeat Step 3 and Step 4 until the difference in the sum-of-squared resid-
uals between two consecutive iterations becomes less than a user-specified
tolerance level, κ .

The iterative algorithm usually converges very fast even when N is moderately large.
If there exist multiple local minima, one can find the global minimum that provides
the lowest sum-of-squared residuals by employing different initial values of the model
parameters in Step 2. Estimation uncertainty in the control function, ν̂i and the group
membership, φ̂ should be considered in inference for β̂CF . Because the analytic expres-
sion of the asymptotic variance for β̂CF is not tractable, we can use bootstrap methods
for inference. In Appendix B, we provide simulation results for the proposed algorithm
and evaluate its performance for different T . The sampling distributions of β̂CF in the
two different cases that use the true group membership or estimate the unknown group
membership become almost identical as T increases to 20.

3.2 Heterogeneity inˇ

So far, we have assumed that the coefficients of the endogenous variables are homo-
geneous. This section introduces a regression model that incorporates heterogeneity
in β:

yi = x ′
iβi + ν′

iγgi + ηi (20)

where βi = γ0 + εi and E[εi ] = 0. The equation for βi implies that the coefficient
γ0 represents the average marginal effect of xi as E[βi ] = γ0. By assuming that
the instrumental variables are exogenous of εi (i.e. E[εi |zi ] = 0) and the source of
heterogeneity is linearly associated with νi as in Wooldridge (2015), we can obtain
the conditional expectation equation of yi given xi and zi :
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E[yi |xi , zi ] = E[yi |xi , νi ]
= x ′

iγ0 + x ′
i E[εi |νi ] + ν′

iγgi + ηi = x ′
iγ0 + (xi ◦ νi )

′ψ + ν′
iγgi + ηi

(21)
where E[εi |νi ] = (νi ◦ ψ) and ◦ is the Hadamard product. Equation (21) suggests a
simple control function approach given below:

yi = x ′
iγ0 + (xi ◦ ν̂i )

′ψ + ν̂′
iγgi + η∗

i (22)

where E[η∗
i |xi , zi ] = 0. The effect of ignoring heterogeneity in β seems worth dis-

cussing. If ψ is not zero in the population and heterogeneity in β is not taken into
account, the error term η∗

i absorb the heterogeneity which is related with νi . In the
case, since the correlation between the control function and the error term η∗

i is no
longer 0, the CF estimator for γ0 becomes biased. For this reason, we recommend
conducting a robust check by including the additional interaction terms (xi ◦ ν̂i ) in the
regression model.

We can take a more flexible functional form for βi by including some exogenous
variables z̃i as βi = γ0 + z̃′iγ1 + εi where E[εi ] = 0 and E[εi |νi ] = (νi ◦ ψ). The
variables z̃i could be a subset of zi . This extension leads to the following regression
model:

yi = x ′
iγ0 + (xi ◦ z̃i )

′γ1 + (xi ◦ ν̂i )
′ψ + ν̂′

iγgi + η∗
i . (23)

where (xi ◦ z̃i ) is the vector of interaction terms between xi and z̃i . One can perform
inference for the model parameters using the asymptotic distribution in Proposition 3
or bootstrap methods.

4 Empirical example

In this section, we use the data and basic model from Abadie et al. (2002) to illustrate
our approach. Abadie et al. (2002) study the effect of a job-training program on
earnings. The offer of training is randomized, but the take-up is not, making training
an endogenous regressor in the earnings equation. Abadie et al. (2002) use the offer
as their instrument to estimate the causal effect of the training on earnings. We choose
this as our example because the validity of the instrument is not in question and we can
focus on whether the training variable exhibits heterogeneous endogeneity knowing
that we have a good instrument.

We illustrate our approach by testing for and modeling heterogeneous endogeneity
by race in the data. We consider 9979 observations from the Abadie et al. (2002) data,
ofwhich 7070 arewhite and 2909 are black. Table 3 provides summary statistics on our
sample. A large literature including Holzer (1987), Smith (1993), Bound and Holzer
(1993), Altonji and Blank (1999), and others shows that white and black workers have
very different labor force attachment and elasticities with respect to wage. Therefore,
it is natural to test whether white and black workers’ decisions to accept the training
offer are differentially correlated with their earnings outcomes.

When we implement our test for heterogeneous endogeneity, we find that the null
hypothesis of homogeneous heterogeneity is decisively rejected at the 0.001 level as
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reported in the right panel of Table 4. When we examine the component parts of the
test, we can see that training is significantly endogenous for white (significant at the
0.000 level) but not for black (insignificant even at the 0.878 level) as shown in the
left panel of Table 4. We conclude that job training is an endogenous regressor for the
whites in our sample but not for the blacks.

We then estimate the treatment effect in our data by OLS, by conventional 2SLS
(homogeneous endogeneity) and by our proposed control function approach that
allows for heterogeneous endogeneity. The estimation results of all three methods
are reported in Table 5. As expected, the OLS result produces the largest estimated
treatment effect, while the 2SLS and CF models produce generally similar estimates.
The estimated impacts of the job training on annual average earnings are $1,575 and
$1,620 respectively based on 2SLS and the CF estimation. The difference between the
2SLS and the CF estimates is only $45, an economically insignificant amount.

Although the 2SLS and CF estimates are similar, comparing the standard errors in
Table 5 we see that the CF approach is able to provide a more precise estimate of the
treatment effect. Its standard error is about 16% smaller than that of the 2SLS estimate,
illustrating the efficiency gain from modeling heterogeneous endogeneity when it is
present. Since the instrument here is very strong and the sample for the endogenous
group is large, the efficiency gain in this example is relatively modest.14 This indicates
that even in the “worse case” scenario for our approach, it is still possible to reduce
estimation uncertainty in practice.

We note that the CF estimate of the treatment effect does not differ much from the
full-sample 2SLS. Proposition 1 shows that the proposed CF is a weighted average of
the two consistent estimators obtained using the sub-sample of the exogenous group
for the OLS estimator and the sub-sample of the endogenous group for the 2SLS
estimator. Since the full-sample 2SLS estimator is also consistent, the CF estimate
should be fairly close to it, as long as the variance of the 2SLS estimator is not too
large.

Following the correlated random coefficient model proposed by Heckman and Vyt-
lacil (1998) and Wooldridge (2015), we also consider the heterogeneous impacts of
job training on earnings. We define 4 groups based on gender and race to more accu-
rately capture heterogeneous endogeneity. In the first model (Model 1) that takes into
account the heterogeneous treatment effects, we assume that the coefficient βi of the
job training program is determined by the sum of γ0 and εi which represents the aver-
age effect and the heterogeneity shock respectively as in Eq. (20). We further assume
that the source of heterogeneity εi is independent of whether one receives the job
training or not. Under these assumptions, we can consistently estimate the average
effect γ0 using Eq. (22) that excludes the interaction term between the job training
variable and the control function. The left panel of Table 6 reports the result of this
model. The results indicate that the estimated treatment effects are very similar in
the baseline approach (2SLS) that assumes all groups are endogenous groups and our
proposed approach that assumes only white groups are endogenous groups. However,

14 Given thatwe have a dummypotentially endogenous variable, we avoid the forbidden regression problem
in the first stage by following the procedure outlined on pages 189–191 ofAngrist andPischke (2009)Results
are very similar to those reported in the text if we simply use a linear probability model in the first stage.
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Table 6 National job training program earnings sample heterogeneous treatment effects by race and gender

Model 1 Model 2

Baseline Proposed Baseline Proposed

Treatment 1641 1612 1609 1586

(543) (442) (986) (979)

Treatment × control function 98 74

(2562) (2495)

Control function × White male 3870 3899 3861 3894

(886) (828) (912) (839)

Control function × White female 1696 1726 1690 1723

(877) (816) (891) (820)

Control function × Black male 937 929

(1247) (1268)

Control function × Black female −893 −901

(1109) (1127)

R2 0.108 0.108 0.108 0.108

No. of observations 9979 9979 9979 9979

The table reports the OLS coefficients of two models specified in Eqs. (20) and (22) where the outcome
variable is income and the endogenous regressor treatment indicates job training. The control function (̂ν)
is obtained from the first stage estimated residuals. The robust standard errors are shown in the parenthesis

compared to the baseline model, the standard error is much smaller when we apply
our proposed approach by treating black racial groups as exogenous groups.

As explained in Sect. 3.2, the estimates in the previous model are likely to be
biased when the heterogeneity in the treatment effect is correlated with the job training
variable. To address this potential problem, we include the interaction term between
the job training variable and the control function in the second model. The result of
the second model (Model 2) is reported in the right panel of Table 6. As before, the
estimated average treatment effects are very similar in magnitude in both the baseline
and our proposed control function approach. However, the efficiency gain seemsmuch
smaller compare to Model 1. This can be explained by the substantial increase in
estimation uncertainty as a result of including the new interaction term. Note that the
estimated coefficient of the interaction term is close to zero while the standard error
is very large. Also when we consider heterogeneous treatment effects inModel 1 and
Model 2, our efficiency gains are relatively modest because our instrument is very
strong. The first stage F-statistics is 235.

Differ fromModel 2 in which the heterogeneous treatment effects are controlled for
only by the interaction term between the control function and the job training variable,
Model 3 assumes that the treatment effects are heterogeneous across some observed
demographic characteristics such as race and gender. Thus Model 3 is similar to Eq.
(23) except it contains more exogenous control variables. In Model 3 we allow the
treatment effects to vary across all four groups: white male, white female, black male,
and black female. The corresponding results are shown in the left panel of Table 7. Both
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Table 7 Stratifying groups for heterogeneous treatment effects and heterogeneous endogeneity based on
race and gender

Model 3 Model 4

Baseline Proposed Baseline Proposed

Treatment × White male 1951 2057

(1322) (1308)

Treatment × White female 1037 1130

(1178) (1166)

Treatment × Black male 2589 2705

(1706) (1312)

Treatment × Black female 1772 1233

(1479) (1200)

Treatment × Male 2176 2373

(1203) (1132)

Treatment × Female 1293 1161

(1059) (1026)

Treatment × control function −19 −331 −133 −255

(2585) (2519) (2578) (2507)

Control function × White male 3567 3588 3389 3242

(1189) (1188) (1077) (963)

Control function × White female 2320 2347 2104 2287

(1124) (1123) (1024) (915)

Control Function × Black male −0.547 458

(1868) (1391)

Control function × Black female −1012 −508

(1615) (1224)

R2 0.108 0.108 0.108 0.108

No. of observations 9979 9979 9979 9979

The table reports the OLS coefficients of the model specified in Eq. (23) where the outcome variable is
income and the endogenous regressor treatment indicates job training. The control function (̂ν) is obtained
from the first stage estimated residuals. The robust standard errors are shown in the parenthesis

the baseline and proposed method estimates suggest that the heterogeneous treatment
effects are similar to white male and black male and as well as white female and black
female. Efficient gains are observed as before in the proposed approach.

InModel 4 we allow the heterogeneous treatment effect only by gender and inves-
tigate whether the gender variable also determines the heterogeneous endogeneity in
our sample. As shown in the right panel of Table 7, the coefficients of the interac-
tion terms between control function and both black male and female look statistically
insignificant. In contrast, the same coefficients of the interaction terms for white male
and female are significant at 5% level. Thus, in our sample, we do not find evidence
that the gender variable determines the endogenous and exogenous groups. Further-
more, we also find that compared to the results of the baseline approach, our method
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provides noticeable efficiency gains while the magnitude of the treatment effects for
both male and female are similar.

5 Conclusion

In this paper, we have shown a new way to improve the precision of IV estimates and
increase the power of endogeneity tests, namely by testing for and accounting for het-
erogeneous endogeneity when it exists. If we can identify sub-groups in the data where
a potentially endogenous regressor is actually exogenous, we can reduce information
loss and achieve a more precise estimate. We show this is true both asymptotically and
in finite samples. The weaker is the instrumental variable being used, and the larger is
the size of the non-endogenous group, the greater is the gain from modeling heteroge-
neous endogeneity when it exists. In our simulation exercises, efficiency gains of 50%
or greater are not uncommon. However, even when the instrument is extremely strong
and the non-endogenous group is relatively small, we still obtain notable efficiency
gains. In our empirical example, we find around a 15% variance reduction even in this
“worse case” scenario for the proposed approach.

Acknowledgements We are thankful to Christoph Rothe, Richard Startz, Lutz Kilian, Le Wang for their
helpful comments and suggestions. Any errors or omissions are our own.

Appendix A

We first show the assumptions required to derive theoretical results in the paper.

Assumption 1 The data are generated as yi j = x ′
i jβ + ui j , xi j = Z ′

i jδ + Σνν
∗
i j with

the covariance matrix of the error terms in Eq. (3).

Assumption 2 The following limits hold for j = 1, 2, . . . , J , when the sample size
converges to infinity:

a. (exogeneity) Z ′
j u j/n j

p→ 0

b. (well-behaved data) Z ′
j Z j/n j

p→ QZ j Z j where QZ j Z j is a finite, positive definite
L × L matrix.

c. (relevance) Z ′
j x j/n j

p→ QZ j X j where QZ j X j is a finite L × K matrix with rank
K.

Assumption 3 As N → ∞, the total number of observations in the j th group, N j

converges to infinity such that limN→∞
N j
N = a j for j = 1, 2, . . . , J .

Notice that the convergences in Assumption 2 hold under the weak law of large num-
bers and the asymptotic moments are assumed to be same across different groups
under Assumption 1.
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Proof of Lemma 1 Because V̂ is a diagonal matrix, MV̂ is also a diagonal matrix of the
following form:

MV̂ = diag[MV̂1
, MV̂2

, . . . , MV̂J
]

where MV̂j
= IN j − V̂ j (V̂

′
j V̂ j )

−1V̂
′
j . Therefore, we have:

β̂CF = (
X ′MV̂ X

)−1 (
X ′MV̂ Y

)

=
⎛
⎝ J∑

j=1

x ′
j MV̂j

x j

⎞
⎠

−1 ⎛
⎝ J∑

j=1

x ′
j MV̂j

y j

⎞
⎠

=
⎛
⎝ J∑

j=1

x ′
j PZ j x j

⎞
⎠

−1 ⎛
⎝ J∑

j=1

x ′
j PZ j y j

⎞
⎠

=
⎛
⎝ J∑

j=1

N j

N

1

N j
x ′
j PZ j x j

⎞
⎠

−1 ⎛
⎝ J∑

j=1

N j

N

1

N j
x ′
j PZ j y j

⎞
⎠

= β +
⎛
⎝ 1

N

J∑
j=1

x ′
j PZ j x j

⎞
⎠

−1 ⎛
⎝ 1

N

J∑
j=1

x ′
j PZ j E j

⎞
⎠

(A.1)

where PZ j = Z j (Z ′
j Z j )

−1Z ′
j ;Z j = [z1 j z2 j . . . zN j j ]′; E j = [ε1 j ε2 j . . . εN j j ]′.

The validity of going from the third line to the fourth line in equation (A.1) is that
MV̂j

x j = PZ j x j . Since N j → ∞ as N → ∞ and a j = limN→∞
N j
N ,

√
N

(
β̂∗
CF − β

)
d→ N

(
0, σ 2

u

( J∑
j=1

a j Q
′
Z j X j

Q−1
Z j Z j

QZ j X j

)−1
)

by the law of large numbers and the central limit theorem under the Assumption 1. 
�
Proof of proposition 1 As shown in Eq. (10),

β̂∗
CF = (

X ′MṼ X
)−1 (

X ′MṼ Y
)

where the residual maker matrix MṼ = I − PṼ and PṼ is the usual projection matrix.

We denote Ṽ =
[
ν̂e
0

]
. Thus we get

PṼ = Ṽ (Ṽ
′
Ṽ )−1Ṽ

′ =
[
ν̂e
0

]([
ν̂e 0

] [
ν̂e
0

])−1 [
ν̂e 0

] =
[
Pν̂e

0
0 0

]
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where Pν̂e
= ν̂e(ν̂

′
eν̂e)

−1ν̂
′
e. Therefore,

MṼ = IN − PṼ =
[
Mν̂e

0
0 I

]

where Mν̂e
= I − Pν̂e

. Now, we use the above Mν̂e
matrix to obtain the expressions

X ′Mν̂e
X and X ′Mν̂e

Y :

X ′MṼ X = [
x ′
e x ′

ne

] [
Mν̂e

0
0 I

] [
xe
xb

]
= x ′

eMν̂e
xe + x ′

nexne

Similarly for X̃ ′MṼ Ỹ , we get

X ′MṼ Y = [
x ′
e x ′

ne

] [
Mν̂e

0
0 I

] [
ye
yne

]
= x ′

eMν̂e
ye + x ′

ne yne

From the standard OLS estimator we get, x ′
ne yne = (x ′

nexne)β̂ne,OLS . For group e, we
get β̂e,CF = (x ′

eMν̂e
xe)−1x ′

eMν̂e
ye. As Mν̂e

= PZe , β̂e,CF = β̂e,2SLS . Therefore, we
have x ′

eMν̂e
ye = (x ′

eMν̂e
xe)β̂2SLS . Substituting x ′

eMν̂e
ye and x ′

ne yne in X ′MṼ Y , we
get

X ′MṼ Y = (x ′
eMν̂e

xe)β̂e,2SLS + (x ′
nexne)β̂ne,OLS

Hence we get,

β̂∗
CF = (X ′Ṽ X)−1X ′Ṽ Y

= (
x ′
eMν̂e

xe + x ′
nexne

)−1 (
(x ′

eMν̂e
xe)β̂e,2SLS + (x ′

nexne)β̂ne,OLS
)

= W β̂e,2SLS + (I − W )β̂ne,OLS

where

W =
(
x ′
eMν̂e

xe + x ′
nexne

)−1(
x ′
eMν̂e

xe
)

Under assumption 1, it is straightforward to show that ̂Avar [β̂e,2SLS] = σ̂ 2
u

(x ′
eMν̂e

xe)−1 = σ̂ 2
u (x ′

e PZe xe)
−1 and ̂Avar [β̂ne,OLS] = σ 2

u (x ′
nexne)

−1. Therefore,

W =
(

̂Avar [β̂e,2SLS]−1 + ̂Avar [β̂ne,OLS]−1
)−1(

̂Avar [β̂e,2SLS]−1
)

and

I − W =
(

̂Avar [β̂e,2SLS]−1 + ̂Avar [β̂ne,OLS]−1)−1( ̂Avar [β̂ne,OLS]−1
)
.
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Proof of Lemma 2 Similar to Lemma 1,

β̂∗
CF = (X ′MṼ X)−1(X ′MṼ Y )

= β + (x ′
e PZe xe + x ′

nexne)
−1(x ′

e PZeue + x ′
neune)

= β +
(
Ne

N

1

Ne
x ′
e PZe xe +

(
1 − Ne

N

)
1

Nne
x ′
nexne

)−1

×
(
Ne

N

1

Ne
x ′
e PZeue +

(
1 − Ne

N

)
1

Nne
x ′
neune

)

where PZe = Ze(Z ′
e Ze)

−1Z ′
e and Ze = [z1e z2e . . . znee ]′; Ne is the number of indi-

viduals in the group e. Since Ne → ∞ and Nne → ∞ as N → ∞,

√
N

(
β̂∗
CF − β

)
d→ N

(
0, σ 2

u

(
w Q′

ZeXe
Q−1

Ze Ze
QZeXe + (1 − w)QXneXne

)−1
)

by the law of large numbers and the central limit theorem under assumption 1.

Proof of Proposition 2 The difference in the asymptotic variances of β̂∗
CF and the con-

ventional 2SLS estimator under homogeneous endogeneity are given by:

Avar
[
β̂2SLS

] − Avar
[
β̂∗
CF

] = σ 2
u
1

N
plim

((
1

N
X ′PZ X

)−1
)

− σ 2
u
1

N
plim

((
1

N
x ′
e PZe xe + 1

N
x ′
nexne

)−1
)

= σ 2
u
1

N
plim

((
1

N
X ′PZ X

)−1
)

− σ 2
u
1

N
plim

((
w

1

Ne
x ′
e PZe xe + (1 − w)

1

Nne
x ′
nexne

)−1
)

= σ 2
u
1

N
plim

((
1

N
X ′PZ X

)−1
)

− σ 2
u
1

N
plim

((
w

1

N
X ′PZ X + (1 − w)

1

N
X ′X

)−1
)

= σ 2
u
1

N
plim

(
N

(
(X ′PZ X)−1 − (w X ′PZ X + (1 − w)X ′X)−1))
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To compare the two matrices in the brackets, we can compare their inverses:

= w X ′PZ X + (1 − w)X ′X − X ′PZ X
= w X ′PZ X + (1 − w)X ′X − wX ′PZ X − (1 − w)X ′PZ X
= (1 − w)(X ′X − X ′PZ X)

= (1 − w)(X ′X + X ′(MZ − I )X)

= (1 − w)(X ′MZ X)

Because MZ is a positive definite matrix, it follows that X ′MZ X is also. The matrix
(wX ′PZ X + (1 − w)X ′X) is larger in the matrix sense than X ′PZ X and thus, its
inverse is smaller. Therefore, Avar [β̂2SLS]− Avar [β̂∗

CF ] is a positive definite matrix.

Proof of Lemma 3 Using the residual matrix estimated from the first stage regression,
we obtain the following OLS estimator:

δ̂ =
(

N∑
n=1

x̂∗
n x̂

∗′
n

)−1 (
N∑

n=1

x̂∗
n yn

)

=
(

N∑
n=1

x̂∗
n x̂

∗′
n

)−1 {
N∑

n=1

x̂∗
n x

∗′
n δ +

N∑
n=1

x̂∗
nηn

}

=
(

N∑
n=1

x̂∗
n x̂

∗′
n

)−1 {
N∑

n=1

x̂∗
n x̂

∗′
n δ +

N∑
n=1

x̂∗
nm

′
nδ +

N∑
n=1

x̂∗
nηn

}

= δ +
(
1

N

N∑
n=1

x̂∗
n x̂

∗′
n

)−1 {
1

N

N∑
n=1

x̂∗
nm

′
nδ + 1

N

N∑
n=1

x̂∗
nηn

}

where x̂∗
n = [x ′

n V̂ ′
n]′; V̂n = (Dn ⊗ ν̂n); mn = [0′ (Vn − V̂n)′]′. Note x∗

n = x̂∗
n +mn .

The first term in the second bracket is reduced to:

1

N

N∑
n=1

x̂∗
nm

′
nδ = 1

N

N∑
n=1

[
xn
V̂t

] [
0′ (Vt − V̂t )′

] [
β

Γ

]

= 1

N

N∑
n=1

x̂∗
n

(
Vt − V̂t

)′
Γ

= 1

N

N∑
n=1

x̂∗
nΓ

′(Vt − V̂t
)

=
(
1

N

N∑
n=1

x̂∗
nΓ

′Zn

) (
π̂ − π

)
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where Zn = (Dn ⊗ Z ′
n). As π̂

p−→ π and x̂n
p−→ xn , we have:

1

N

N∑
n=1

x̂∗
nm

′
nδ

p−→ 0.

The second term in the second bracket also converges to zero as:

1

N

N∑
n=1

x̂∗
nηn

p−→ E
[
x∗
nηn

] = E
[
x∗
n E

[
ηn|xn, Zn

]] = 0.

Because
∑N

n=1 x̂
∗
n x̂

∗′
n

p−→ E
[
x∗
n x

∗′
n

]
, δ̂

p−→ δ. 
�

Proof of Proposition 3 From Lemma 3 , we have:

√
N

(
δ̂ − δ

) =
(
1

N

N∑
n=1

x̂∗
n x̂

∗′
n

)−1 {
1√
N

N∑
n=1

x̂∗
nm

′
nδ + 1√

N

N∑
n=1

x̂∗
nηn

}
.

The first term in the second bracket is reduced to:

1√
N

N∑
n=1

x̂∗
nm

′
nδ =

(
1

N

N∑
n=1

x̂nΓ
′Zn

) √
N (π̂ − π)

where Zn = (Dn ⊗ Z ′
n). Thus, we have:

1√
N

N∑
n=1

x̂∗
nm

′
nβ

∗ = E
[
x̂nΓ

′Zn
]√

N (π̂ − π) + op(1).

Next, the second term in the second bracket is decomposed into two parts as:

1√
N

N∑
n=1

x̂∗
nηn = 1√

N

N∑
n=1

x∗
nηn − 1√

N

N∑
n=1

mnηn .

And the second term in the above equation can be rewritten as:

1√
N

N∑
n=1

mnηn = 1√
N

N∑
n=1

[
0

(Dn ⊗ Z ′
n(π̂ − π))ηn

]

=
[

0
(Dn ⊗ 1√

N

∑N
n=1 Z

′
nηn(π̂ − π))

]
.
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Therefore, we obtain the following result:

1√
N

N∑
n=1

Z ′
nηn(π̂ − π) =

(
1

N

N∑
n=1

Z ′
nηn

)√
N (π̂ − π) = op(1)

because
∑N

n=1 Z
′
nηn

p−→ E
[
Z ′
nηn

] = 0 and
√
N (π̂ − π) = Op(1). This leads to:

1√
N

N∑
n=1

x̂∗
nηn = 1√

N

N∑
n=1

x∗
nηn + op(1)

Using
∑N

n=1 x̂
∗
n x̂

∗′
n

p−→ E[x∗
n x

∗′
n ], we obtain:

√
N (δ̂ − δ) =

(
E[x∗

n x
∗′
n ]

)−1 {H√
N (π̂ − π) + 1√

N

N∑
n=1

x∗
nηn} + op(1)

where H = E
[
xnΓ ′Zn

]
. Thus the asymptotic distribution of δ̂ is given by:

√
N (δ̂ − δ)

a∼ N

(
0,

(
E[x∗

n x
∗′
n ]

)−1 (
H M H ′ + Var [x∗

nηn]
) ((

E[x∗
n x

∗′
n ])−1

)′)
,

where
√
N (π̂ − π)

d−→ N (0, M) because E[ηn|xn, Zn] = 0. 
�

Appendix B

In Appendix B we show Monte-Carlo simulation results about the finite sample per-
formance of the newmethod that combines the CF approach and the kmeans clustering
algorithm, which is explained in Sect. 3.1. For the simulation, we employ the same
data generating process and the same true values of the model parameters used in
Sect. 2.3 except ρ2 and μ2. The true value of ρ2 is set to be −0.9. (a strong endo-
geneity case) Sample sizes vary a case by a case. For the first simulation trials, we
consider {N1 = 10, N2 = 10} and T = 1, 5, 10, and 20. For the second simulation
trials, we consider {N1 = 100, N2 = 100} and T = 1, 5, 10, and 20. The ratio of the
two population variances that determine the concentration parameter μ2 is assumed
Var(π1zi, j )
Var(νi, j )

= 1
10 = 0.1. Thus, μ2 = T (N1 + N2) × 0.1 is {2, 10, 20, 40} for the

first simulation set and is {20, 100, 200, 400} for the second simulation set. We gen-
erate 10,000 data sets for each case. Then we apply 4 estimators, OLS, 2SLS, the
CF approach based on the true group membership, and the CF approach based on the
modified kmeans clustering algorithm. Note that the first and the second cases of the
first simulation set are weak and marginally weak instrument cases in which standard
2SLS estimation does not perform well.
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Fig. 3 Sampling distributions of β1 fromOLS, 2SLS, and two control function (CF) methods: a comparison
between control function (CF) methods based on true and estimated groups

Figure 3 shows the results for thefirst simulation set that assumes N1 = 10 and N2 =
10. As well known in the literature, the sampling distribution of the 2SLS extremely
disperses when μ2 = 2. This implies that 2SLS does not reveal any information for
statistical inference. On the other hand, in the same case the sampling distributions
of the two proposed CF estimators are close to the true value 0.5 even though there
exists a slight bias in the CF estimator when the group membership is estimated
by the modified kmeans clustering algorithm. Both proposed CF estimators perform
substantially better because they extract information from the exogenous group in the
data. In the second case (T = 5, μ2 = 10), the performance of the 2SLS estimator
is not much better than the first case. However, the performance of the CF estimator
that is based on the estimated groups does improve significantly. The magnitude of the
bias of the CF estimator becomes almost negligible. In the third case (T = 10, μ2 =
20) and the fourth case (T = 20, μ2 = 40), the CF estimator that estimates the
group membership produce almost identical results with those of the CF estimator
that employs the true group membership.
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Fig. 4 Sampling distributions of β1 fromOLS, 2SLS, and two control function (CF) methods: a comparison
between control function (CF) methods based on true and estimated groups

Figure 4 shows the results of the second simulation set that assumes N1 = 100 and
N2 = 100. The important difference from the previous simulation set is that when
N = N1 + N2 is large and T is small, the CF estimator that directly estimates the
group membership has a larger bias. But once again the bias quickly converges to 0
when T increases. When T is larger than 10 in this case, the bias already becomes
very close to 0.
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